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Abstract 

We show that the comphcated ^-structure characterizing for positive q 
the C/qSo(A^)-covariant differential calculus on the non-commutative mani- 
fold boils down to similarity transformations involving the ribbon ele- 
ment of a central extension of UqSo{N) and its formal square root v. Sub- 
spaces of the spaces of functions and of p-forms on are made into Hilbert 
spaces by introducing non-conventional "weights" in the integrals defin- 
ing the corresponding scalar products, namely suitable positive-definite q- 
pseudodifferential operators v'^^ realizing the action of v^^; this serves to 
make the partial g-derivatives antihermitean and the exterior coderivative 
equal to the hermitean conjugate of the exterior derivative, as usual. There 
is a residual freedom in the choice of the weight m(r) along the 'radial co- 
ordinate' r. Unless we choose a constant m, then the square-integrables 
functions/forms mustfulfill an additional condition, namely their analytic 
continuations to thecomplex r plane can have poles only on the sites of 
some special lattice. Among the functions naturally selected by this condi- 
tion there are g-special functions with 'quantized' free parameters. 
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1 Introduction 



Over the past two decades the noncommutative geometry program |3] and 
the related program of generahzing the concept of symmetries through 
quantum groups [HIISIEI and quantum group covariant noncommutative 
spaces (shortly: quantum spaces) |28| llOj has found a widespread inter- 
est in the mathematical and theoretical physics community and accom- 
plished substantial progress. Initially, mathematical investigations have 
been concentrated essentially in compact noncommutative manifolds, the 
non-compact being usually much more complicated to deal with, especially 
when trying to proceed from an algebraic to a functional-analytical treat- 
ment. In particular, so are ^-structures and ^-representations of the in- 
volved algebras. Recently, an increasing number of works is being devoted 
to extend results to non-compact noncommutative manifolds. We might 
divide these works into two subgroups. The first (see e.g. |^ [THllTniOn07| ) 
essentially deal with non-compact noncommutative manifolds which can be 
obtained by isospectral deformations [0] of commutative Connes' spectral 
triples and carry the action of an abelian group T'' X R'^. The second, and 
even more difficult (see e.g. |29| . and references therein) deal with non- 
compact noncommutative manifolds which underlie some quantum group 
or more generally carry the action of some quantum group; it is still under 
debate what the most convenient axiomatization of these models is |29j . 

The noncommutative manifold we are going to consider in the present 
work belongs to the second category and is relatively old and famous, but 
presents an additional complication even at the formal level (i.e. before 
entering a functional-analytic treatment): the ^-structure characterizing 
for real q the C/gSo(A^)-covariant differential calculus ^ on the quantum 
Euclidean space [D]] is characterized by an unpleasant nonlinear action 
on the differentials, the partial derivatives and the exterior derivative j3Uj . 
This at the origin of a host of formal and substantial complications. As 
examples we mention the following difficulties: determinining the actual 
geometry of |17| Ej; identifying the 'right' momentum sector within 
the algebra of observables of quantum mechanics on a -configuration 
space and solving the corresponding eigenvalue problems for Hermitean 
operators in the form of differential operators |38 | I13 | l39l : more generally 
formulating and solving differential equations on ; finally, writing down 
tractable kinetic terms for Lagrangians of potential field theory models on 
M^. A similar situation occurs for other non-compact quantum spaces, 
notably for the (^-Minkowski space |32j . 

It turns out that we are facing a problem similar to the one we encounter 
in functional analysis on the real line when taking the Hermitean conjugate 
of a differential operator like 



where (j{x) is a smooth complex function vanishing for no x. As an element 
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of the Heisenberg algebra D is not imaginary (excluding the trivial case 
cr = 1) w.r.t. the ★-structure 



\dx J dx' 

but fulfills the similarity transformation 

D* = -\a\'^D\a\^, 

this corresponding to the fact that it is not antihermitean as an operator 
on L^(M). D is however (formally) antihermitean on L^(M, \a\~'^dx). In 
other words, if we insert the weight |<t|~^ > in the integral giving the 
scalar product, 

(.#,,^) = /.#,•(.) Kl-^Wdx. 

[as one does when setting the Sturm-Liouville problem for D^], D becomes 
antihermitean under the corresponding Hermitean conjugation f^: 

{A^(t),ip) := {(l),Aip) D^ = -D. 

In this work we show that the partial derivatives and the exterior 
derivative d of the ?7gSo(A'^)-covariant differential calculus on can be 
expressed by the similarity transformation 

a" = p'a"z>'-\ d = D'-^dD', (1.2) 

in terms of elements 9" , d which are purely imaginary under the ^-structure 
studied in [HOI- The unusual and novel feature here is that D' is not a 
function on but a positive-definitepseudodifferential operator, more 
precisely the realization of the fourth root of the ribbon element of the 
extension of UqSo{N) with a central element generating dilatations of M^. 
Therefore the 9" become antihermitean and the exterior coderivative 6 
becomes the Hermitean conjugate of d (on the space of differential forms) 
if we introduce the "weights" v'^^ := z>'^^ in the integral defining the 
scalar product of two 'wave-functions/forms' on R^. 

For practical purposes it is much more convenient to use the 9" rather 
than the because the former have much simpler commutation relations 
(in the form of modified Leibniz rules) with the coordinates of M^, whereas 
for the commutation relations involving the d'^ we have even not found a 
closed form. This suggests to cure the complications mentioned at the 
beginning as one does in the undeformed, functional-analytical setting. 

Section 121 contains preliminaries about the quantum group UqSo{N), 
the differential calculus on M^, frame bases, Hodge map and the analog of 
Lebesgue integration over ; the latter is completely determined apart 

"'^The Hermitean conjugation f is the representation of the following modified ^-structure *' 
of the Heisenberg algebra a* = [|cr|^^ a \a\'^]* = |crp a* |cr|^^. 
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form a residual freedom in choosing the integration measure m{r)dr along 
the radial direction r. In section El we prove at the algebraic level (i.e. at 
the level of formal power series) Eq. ()1.2() and the corresponding formula 
for the differentials dx^ of the coordinates of M^. In section ^ we deal 
with implementing the previous algebraic results in a functional-analytical 
setting: we introduce spaces of square- integrable functions/forms over 
and show how the algebraic ★-structure can be implemented in different 
"pictures" (i.e. configuration space realizations) as Hermitean conjugation 
of operators acting on them. As applications, we first consider quantum 
mechanics on and recall how one can diagonalize a set of commut- 
ing observables including various momentum components, then we write 
down 'tractable' kinetic terms for (bosonic) field theories on M^. These 
steps require promoting the formally (i.e. algebraically) defined v'^^ into 
corresponding well-defined pseudodifferential operators, and this is done 
in section 13 passing to the Fourier transform of the variable y = Inr. No 
further constraint is needed if m{r) = 1, whereas an additional one must 
be imposed on the spaces of square-integrable functions/forms if m(r) is 
not constant (non-homogeneous space along the radial direction), e.g. if 
m{r)dr is the measure of the socalled Jackson integral: they have to be re- 
stricted to interesting subspaces consisting of functions whose analytic 
continuation in the complex r-plane have poles locations on a certain 
number 7 of "rays" originating from r = 0, forming with each other an- 
gles equal to 27r/7, and such that \ra\ = q-' (or \ra\ = q-''^^), with j S Z. 
Surprisingly, this is a condition which automatically selects g-special func- 
tions where their free parameters (which will play the role of fundamental 
physical quantities, e.g. a universal energy scale) are "quantized" . 



2 Preliminaries 

2.1 and its covariant differential calculi 

As a noncommutative space we consider the [/gSo(iV)-covariant deforma- 
tion of the Euclidean space {h ■.= lnq plays the role of deformation 
parameter). We shall call the deformed algebra of functions on this space 
"algebra of functions on the quantum Euclidean space M^", and denote 
it by F. It is essentially the unital associative algebra over C[[/i]] gener- 
ated by elements (the cartesian "coordinates") modulo the relations 
(|2.1[) given below, and will be extended to include formal power series 
in the generators; out of F we shall extract subspaces consisting of el- 
ements that can be considered integrable or square-integrable functions. 
The C/gSo(A)-covariant differential calculus on is defined introduc- 

ing the invariant exterior derivative d, satisfying nilpotency and the Leibniz 
rule d{fg) = dfg + fdg, and imposing the covariant commutation relations 
(|2.2j) between the and the differentials ^* := dx^. Partial derivatives are 
introduced through the decomposition d =: ^*(9j. All the other commuta- 
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tion relations are derived by consistency. The complete list is 



Va^kX^x' = 0, (2.1) 

x^e = qRfki^x^, (2.2) 

{Vs+VtrL^^e = ^, (2.3) 

V^l,d,d, = 0, (2.4) 

= 51 + qRikx'^dh, (2.5) 

d'^e = q-^R%ed^. (2.6) 



The A^^ X N'^ matrix R is the braid matrix of SOq{N) [in]. The matrices 
'Pt ai'e S'Og( A^)-covariant deformations of the symmetric trace- 
free, antisymmetric and trace projectors respectively, which appear in the 
projector decomposition of R 

R = qVs- q-^Va + q^-^Vt. (2.7) 

The Vt projects on a one-dimensional sub-space and can be written in the 
form 

where the N x N matrix g^j is a «S'Og(A^)-isotropic tensor, deformation of 
the ordinary Euclidean metric. The metric and the braid matrix satisfy 
the relations ^01 

gu R^'% = R^'^l gik, / R^'t = R^'% a''- (2.9) 
Indices will be lowered and raised using gij and its inverse g"^^ , e.g. 
d':=g'-^dj Xi := gijx^ . 

We shall call VC* (differential calculus algebra on R^) the unital as- 
sociative algebra over C[[h]] generated by modulo these relations. 
We shall denote by /\* (exterior algebra, or algebra of exterior forms) the 
graded unital subalgebra generated by the ^* alone, with grading \] =the 
degree in and by /\^ (vector space of exterior p- forms) the component 
with grading \\ = p, p = 0,1, 2.... Each /\^ carries an irreducible represen- 
tation of UqSo{N), and its dimension is the binomial coefficient (^) |12j . 
exactly as in the q = 1 (i.e. undeformed) case; in particular there are no 
forms with p > N, and dim(/\^) = (^) = 1, therefore /\'^ carries the 
singlet representation of UqSo{N). 

We shall endow DC* with the same grading \], and call PC^ its com- 
ponent with grading \\ = p. The elements of PC^ can be considered 
differential-operator- valued p- forms. 

We shall denote by (algebra of differential forms) the graded unital 
subalgebra generated by the with grading t], and by (space of 
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differential p-forms) its component with grading p; by definition = F 
itself. Clearly both Q* and $1^* are F-bimodules. 

We shall denote by Ti (Heisenberg algebra on ) the unital subalgebra 
generated by the Note that by definition VC^ = 7i, and that both 

VC* and VC^ are W-bimodules. 

Using ()2.4() . H2.9|) one can easily verify that the 5* satisfy the same 
commutation relations as the x*, and therefore together with the unit 1 
generate a subalgebra of TC isomorphic to F, which we shall call F' . De- 
note by {I'TrlTrGn a basis of the vector space underlying F' consisting of 
homogeneous polynomials in the 5's and with first element = 1- Any 
"pseudodifferential-operator- valued form", i.e. any element O £ DC*, (in 
particular O G TC) can be uniquely expressed in the "normal-ordered" form 

= Y^ O^V^, G il* (2.10) 

-n-en 

by repeated application of relation (|2.5|) . (|2.6|) to move step by step all 5's 
to the right of all x, ^'s. For any w G il* we shall denote by Ou)\ the vr = 
component (C'w)o of the normal-ordered form of Ou: 

Ou; = Y,{Oio)uVu = Olo\ + Y,{Ouj)vVu. 

In particular, for O = di and u = f £ F the previous formula becomes the 
deformed Leibniz rule 

dif = dif\+f^d„ fl^F (2.11) 

Prom (|2.5j) we find e.g. that \i f = x^ then dif \ = 5^ and // = qR^lx^ . 
We have introduced this vertical bar | in the notation to make always clear 
"where the action of the derivatives is meant to stop", while sometimes 
this remains ambiguous by the mere use of brackets. From associativity 
the obvious property 

0{0'uj\)\ = 00'uj\ 
follows. F,F' are dual vector spaces w.r.t. the pairing jjjj 

{di,...di,,x^'...x^'-) = 5iradi,...di,X^\..X^^ \ G C (2.12) 

with m = 0, 1, .... 
The elements 

r"^ = x-x:=x^Xk, d ■ d := g^^ didk = dk 

are C/qSo(A^)-invariant and respectively generate the centers of F,F'. d ■ d 
is a deformation of the Laplacian on M^. We shall slightly extend F by 
introducing the square root r of and its inverse as new (central) 
generators; r can be considered as the deformed "Euclidean distance of 
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the generic point of coordinates (x*) of from the origin". Then the 
elements := xV~^ fulfill (|2.1|) as well as the relation t ■ t = 1; they 
generate the deformed algebra F{S^~^) of "functions on the unit quan- 
tum Euclidean sphere". The latter can be completely decomposed into 
eigenspaces V/ of the deformed quadratic Casimir of UqSo{N), or equiva- 
lently of the Casimir w defined in (|2.31() with eigenvalues wi := g-'('+^-2)^ 
implying a corresponding decomposition for F: 

oo oo 

^(^r') = F = ^{Vi^ C[[r, r-i]]) (2.13) 

1=0 1=0 

An orthonormal basis {S^} (consisting of 'spherical harmonics') of Vi 
can be extracted out of the set of homogeneous, completely symmetric and 
trace-free polynomials of degree I 

gi _ gin2...k ._ ps,ihJ^..i,^n^j2_ _fji (2.14) 

suitably normalized (/ denotes the multi-index iii2...ii, V^'^ denotes the 
J7gSo(A^)-covariant, completely symmetric and trace-free projector with I 
indices |1H I16j). Therefore for the generic f ^ F 

oo oo 

f = Y.f^ = Y.T.SlfiAr). (2.15) 

1=0 1=0 I 



The ^-structure compatible with the compact ^-structure of UqSo{N) 
requires q € M \ {0}. On the generators x* -k is given by |lOp 

x'* = x^gji (2.16) 

whereas the conjugates of the derivatives 9* resp. the differentials) are not 
combinations of the derivatives (resp. the differentials) themselves. One 
can complete a [/gSo(A^)-covariant ★-structure by the relations [HJ 

e* = e9ji d'* = -q-^d^gj„ (2.17) 



^If we enumerate the of ^0] as in [301 by i = —n, . . . , —1, 0, 1, . . .n for N odd, and 
i = — n, . . . , — 1, 1, . . . n for N even, where n [^j is the rank of so{N), then the metric 

matrix reads gij — g^^ — q'f^Si^-j, where {pi) :— ^ li T ~ ^' • • ■ ' 5' ■ ■ • ' ^ ^ T 

N odd, (p,) := - 1, f - 2, . . . , 0, 0, . . . , 1 - f ) for even. We can obtain a set of N real 

coordinates x" by a linear transformation x" :— V"x^ (a = 0, 1, 2n for odd N, a ^ 1, 2n 
for even TV) defined by {h> 1) 

y/''-i:=i=(5f+g,;^), V^'^-.^^iSl-g.h), V^:=d^ (only for odd iV). 
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where 
:= A2 



<k 



e := aq^A-^ 



1 + g2-^ 
1 



x'^d ■ d 



C + q-'kx'd - k 
e + qkeOjx' - k 



: q-q 

kq-^ 
1 + 

k 



(2.18) 
(2.19) 



the second expression in ()2.19p is derived from the first [SJ using the 
Leibniz rule and the decomposition d = C^i- Here o" is a pure phase factor 
which we shall set = 1, whereas the element A"^ is defined by 



A 



-2 



1 + 



[1 + 



-—r^d-d = l + 0{h) 



-,N-2\2 



(2.20) 



(in |SJ it was denoted by A). Its square root and inverse square root A^^, A 
can be either introduced as additional generators or as formal power series 
in the deformation parameter h = \nq. They fulfill the relations 



Arr* = q ^x*A, 



Ad' = qd'A, AC = fA, 



All 



1 



(2.211 



and the corresponding ones for A ^ . The elements C i di satisfy relation 
H2.3I2.4|) and the analogue of (|2. 512.6(1 with q, R replaced by q'^,R'^. As 
a consequence d := = —d* is also ?7gSo(A'^)-invariant, nilpotent, and 
satisfies the Leibniz rule on F. In fact d,C:di can be introduced also as 
independent objects defining an alternative C/g,so(A'^)-covariant differential 
calculus. We shall denote by F' the subalgebra generated by the df, it is 
isomorphic to F, F' , too. One finds |35 that under the action of * 



r, 



{d-dy 



-2N 



d-d 



-.2-N 



d-dA^, A* = q^A-\ (2.22) 



2.2 UqSo{N) and its action on PC* 

We extend as in Ref. [IHI the compact Hopf ^-algebra UqSo{N) (this re- 
quires real q) by adding a central, primitive and imaginary generator r] 



A(7?) 



r] + ri> 



e(r?) = 0, 



-T] 



(here A,e,S respectively denote the coproduct, counit, antipode), and we 

endow the resulting Hopf ^-algebra H := UqSo{N) by the quasitriangular 
structure 

n:=nq''^'', (2.23) 

where 7^ = 7^(^)®7^(2) (in a Sweedler notation with upper indices and sup- 
pressed summation index) denotes the quasitriangular structure of UqSo{N). 
This ★-structure of H thus can be summarized by the relations 



21, 



7? 



-7]. 



(2.24) 
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T>C* is if- module ^-algebra (which here we choose to be right), 

{aa') <g = {a< ^(i)) (a' < g(2)). (2.25) 

Here g^y^ ® g{2) = ^{q) in Sweedler notation. The transformation laws of 
the generators fi* = x*, 5' of T>C* under the ii-action read 

cj' < g = p]{g)a^ geUgSo{N), (2.26) 

x' <r] = x\ <ir] = C, d' <ir] = -d'; (2.27) 

here p denotes the A^-dimensional representation of UqSo{N). The braid 
matrix R is related to TZ by Ftf^j, = pl^{TZ^^^) pl.{TZ^'^^); its explicit form 
can be found in TO . The elements 

Zi:=T^^^pi{T^'^^), where ^ = 7^2l7^ =r(i)^(2)^ 7^ 21 =7^ 

are generators of UqSo{N), and make up the "S'Og(A^) vector field ma- 
trix" Z [m Ha OH ESI- The Zj are related to the Faddeev-Reshetikin- 
Takhtadjan generators ^ 

jr+,a := 7^(l)p^(7^(2))^ .= p«(7^ W)7^ -^(2) (2.28) 

by the relation = {SC-''^)C+'l. Eq. ^TTM imphes that T is real, and 
Z^ = Zt (L^jr = SJ^i = g.HL^g'^ (2.29) 

as /) is a ^-representation; the second equality in (|2. 291) 9 is based on the 
following useful property of the A^-dimensional representation of UqSo{N): 

pt{Sh)=g'^''pl{h)g,,. (2.30) 

We recall that UqSo{N) is a Ribbon Hopf algebra 33^: the ribbon 
element w G UqSo(N) is a special, central element such that 

= uiS{ui), ui := (57^(2))7^(l), (2.31) 

/\{w) = {w Cd w)T-^ , Sw = w = S''^w. (2.32) 

It is well-known that there exist isomorphisms C//iSo(A^)[[/i]] ~ C/so(A^))[[/i]] 
of ★-algebras over C[[/i]]. This essentially means that it is possible to ex- 
press the elements of either algebra as power series in h = lnq with coeffi- 
cients in the other. In particular w has an extremely simple expression in 
terms of the quadratic Casimir C of so{N)^: 

w = q-^ = e-^^ = l + 0{h), C: = X^Xa=: L{L + N-2). (2.33) 

•^This can be easily proved using the properties of the Drinfel'd twist !F and the relation 
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({X"} is a basis of so{N)). We denote by v := w^^"^, u := w^/^ and by 
w,v,D,T, Z the analogs of w^v^T^Z obtained by replacing IZ hy IZ. As 
an immediate consequence 

2 2 

Since C^—rf are real (even positive-definite), if g > all these elements 
make sense either as positive-definite formal power series in h of the form 
l+0{h)^ or as additional positive-definite generators of our Hopf :*r-algebra. 
In Section ini we shall make them into positive-definite operators acting on 
the spaces of functions and of p- forms on M^. 

All the information on the ^-algebras PC*, H and the right action can 
be encoded in the cross-product :*r-algebra T>C*>(\H. We recall that this is 
H (g) VC* as a vector space, and so we denote as usual g ® a simply by ga; 
that Hlxic*-, IhT^C* are subalgebras isomorphic to H,VC* , and so we omit 
to write either unit Idc* ■, whenever multiplied by non-unit elements; 
that for any a G DC*, g £ H the product fulfills 

ag = g{i){a <g(2))- (2-34) 

PC*Xii? is a -ff- module algebra itself, if we extend < on if as the adjoint 
action, namely as h < g = Sg^i-j hg(2)- In view of (|2..S4)) . this formula will 
correctly reproduce the action also on the elements of VC* , and therefore 
on any element h £ T>C*><iH. The "cross commutation relations" (|2.34|) 
on the generators and Zj , 7] take the form 

aiZ2 = RuZiRudi i.e. Z] = Rf^Zf R^^^ a"" , (2.35) 

x'r]= {ri+l)x\ fr, = (ry + l)f, d'l] = [r] - l)d\ (2.36) 

The right relation in ()2.35|) is the translation of the left one, where the 
conventional matrix tensor notation has been used. 
An alternative ^-structure for the whole T>C*>(iH will be given in ()3.7p . 
As shown in |151 |2j , there exists a ^-algebra homomorphism 

ip:A>^H^A, (2.37) 

acting as the identity on A itself, 

(p{a) = a aeA, (2.38) 

where H is the Hopf algebra H = UqSo{N), and A = TC is the deformed 
Heisenberg algebra. In we have extended (/? to the Hopf algebra H = 

UqSo{N) introducing an additional generator r]' = ip{r]) G "DC* subject to 
the condition ip{q^) = = q~^^'^A, so that 

[tj', x'] = -x' [t]', d'] = cf [r]', e] = v'M = q'^^^- (2.39) 
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For real q, ip is even a ^-algebra homomorphism. Applying ip to both sides 
of (|2.34|) one finds in particular 

afig) = ¥'(5(1)) (« <g{2))- (2.40) 

In the sequel we shall often use the the shorthand notation 

ifig) =: g', g G H. (2.41) 

We shall need in particular the images Z"^ = ^{Zj^) explicitly. We deter- 
mine them here, starting from an Ansatz inspired by the images tpi{Z^) 
found in Ref. for the analogous map ^pi : UqSo{N)^'H TC (where 
UqSo{N) acts with a left action): 

Proposition 1 Let (7 G M. Under the -k-algebra map ip : Tl>iH H the 
^{Z^) are given by 

Z'l = q-^6^,+q-'kd''x^g,k-q-'-''kx''d'gjk-Y^^d^r^^gjk (2.42) 

where we have defined k := q — q^^ . Moreover 

g'l\=e{g)l g £ H. (2.43) 



The latter relation together with 1)2. 40() implies 

g'f\ = f<S-'g. (2.44) 

In particular we find (|A.3|) on the spherical harmonics of level /. 

One may ask if ip trivially extends to a map of the type (|2. 37112. 3'8|) with 
the Heisenberg algebra 7i replaced by the whole DC*. The answer is no: 
by using formula (|2.53j) one easily finds the commutation relation 

(iZ!, = R-^'Z[Ru^u (2.45) 

which differs from what one would obtain from (lO^l) with a' = C applying 
such a 99. Clearly, this formula holds also if we replace the matrix Z' with 
any of its powers Z'^. Now, note that the ^* commute with A, see p.21|l 



PS- 
Recalling jTU] that the center Z{UqSo{N)) of UqSo{N) is generated by the 
Casimirs Ci defined by 

Ci:=t,[UZ% U^-g^'g.k, I = 1,2, ...,[N/2] (2.46) 

one easily checks and concludes that 

[e,C'j,]=0 k\^(z{H))]=0 (2.47) 



with H = UqSo{N), in particular = , whereas ^* do not commute 

with the center Z{H) itself (in fact [C,Ch] + 0, \i\r]\ / 0). 
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2.3 Vielbein basis, Hodge map and Laplacian 

The set of exact forms {^*} is a natural basis for the "H-bimodule PC^, 

as well as for the nxUqSo{N)-hiinodule VC^ X\U qSo{N) . In Ref. H US] 
we introduced "frame" [Zj (or "vielbein") bases {0*} and {i?*} for the two, 
which are very useful for many purposes. These 1-forms are given by 

:= q-^-'^C-^ie = rq'-''pLMC-^], (2.48) 
6' := A-\{C-l)t = A~'eU-'MC~jui) = K-^t^^S^C-^l) (2-49) 

[ua := 7^-l(l)5-l7^-l(2)^ and C^j are the FRT generators, see (jT^ j. 
and are characterized by the property 

['d\n] = o [9\n] = o. (2.50) 

They satisfy the same commutation relations as the As already recalled, 
from (|2.,3|) it follows that dim(/\^) = 1. The matrix elements of the q- 
epsilon tensor are defined up to a normalization constant 77V by either 
relation 

..f^ = (i^3;e^l*2...iiV^ QilQi2_QiN = (]y ^hi2-iN ^ (2.51) 

where 

77V d^x := e A^, 7^ dV := ^-"^^-"...r . (2.52) 

One finds that the "volume form" dV is central in T)C* and equal to 
dV = d^xA-^. As a consequence of (IT^ . = d^x. 

Note that (|2.5fl|) in particular implies [6^, fig)] = for any g £ UqSo{N). 
Going to the differential basis by means of the inverse transformation 
of 1)2. 49() one finds the following commutation relations between the and 

a' = fia)- 

e^ia) = v{SC~^1 9 vig)^ = e^iS'c-^l g S£-^1). (2.53) 

As shown in ^51) for any p = 0,1,. ..,N one can define a UqSo{N)- 
covariant, "H-bilinear map 

*:VCP ^ VC^-P (2.54) 

(the "Hodge map"), such that *1 = dV and on each DC^ (and therefore 
on the whole VC*)^ 

*^ = * o * = id (2.56) 

''There is no sign at the rhs of H2.56(l [contrary to the standard (— 1)p(^~p) of the undeformed 
case] because of the non-standard ordering of the indices in H2.57|l . The latter in turn is the 
only correct one: had we used a different order, at the rhs of 12.56|l tensor products of the 
matrices U^^ , instead of the unit matrix, would have appeared, because of the property |36| 
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by setting on the monomials in the 0'^ 

= cpe'^f+^..r^ea^...ap+,"l■■■"^ (2.57) 

(the normahzation constants Cp are given in ^Hl)- W-bihnearity of the 
Hodge map imphes in particular 

*{aujpb) = a*ujpb ya,b£n, G PC^; (2.58) 

i.e. applying Hodge and multiplying by "functions or differential opera- 
tors" are commuting operations, in other words a differential form ujp and 
its Hodge image have the same commutation relations with x^,dK Re- 
stricting the domain of * to the unital subalgebra Vt* C VC* generated by 
x*,^-', A^^ one obtains also a f7gSo(A'^)-covariant, i<'-bilinear map 

* : OP ^ fl^-P (2.59) 

fulfilling again *1 = dV and 1^3^)) (here F = $7°). The restriction 1^3^ 
is the notion closest to the conventional notion of a Hodge map on : as 
a matter of fact, there is no F-bilinear restriction of * to f]*. Note however 
that Q.* is not closed under the ^-structure 

One would think that, since the vielbein 0"" do not belong to 17*, they 
cannot be used to describe a p-form w G il* through components G 
F. On the contrary, in section |^ we shall give a very useful notion of such 
components. 

Finally, introducing the exterior coderivative 

5 :=-*(!* (2.60) 

one finds that on all of PC*, and in particular on all of fi*, the Laplacian 
AI'^' 1 := + 5 d is given by 

A[^'"'1 -.= (15 + 5(1 = -q^d-dk^ = -q-^d-d (2.61) 

For the exterior coderivative 5 := —* d* oi the "hatted" differential calculus 
one similarly finds that the Laplacian A = AI^^I := d5 + 5 d \s equal to 
A = — d ■ dhr"^ = —q^d ■ d. The reason for the awkward superscripts 
['^]^['^ ] will appear clear in section |1J 

2.4 Integration over and naive scalar products 

In defining integration over M^, i.e. a suitable C-linear functional 

/ercF^ ^/d^x) gC, 

^In Ref. ;2_ we introduced a different ^-structure under which f2* is closed. 
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we adopt the approach of Ref . j36j (already sketched in 'TI ) , rather than 
the preceding one of Ref.'s ^2123^5^' since the former is appUcable to 
a larger domain F C -F of "functions" (specified below). Going to "polar 
coordinates" {x*} {f,r}, f{x) = f{t,r), allows to define the integral 
decomposing it into an integral over the "angular coordinates" f, i.e. over 
the g-sphere S^~^, followed by the integral over the "radial coordinate" r: 

oo 

I f{x)d^x= I drm{r)r^-^ f ^d^-H f{t,r). 

J Q J J Sf, 

' 

Up to a normalization factor Ai\i{q) (playing the role of the volume of 
S^~^), which we here choose to be 1 for the sake of brevity, the integration 
JgN^i d^~h coincides with the projection / G F — > /o G Tq, where Tq = 
r n C[[r, r^-*^]] is the "zero angular momentum" subspace of F [see (|2.13() ]: 
jgN-i d^~h f{x) = fo{r). This implies 



f{x)d'^x= drm{r)r^-^fo{r). (2.62) 



q 







This has to be understood as an integral of the analytic continuation of 
/o(r) to M"*", if /o is not assigned as a function on R"*" from the very begin- 
ning; by dr we mean Lebesgue measure, whereas drm{r) = dfi(r) denotes 
a Borel measure fulfilling the g-scaling property dfj,{qr) = qdii{r) (in other 
words the "weight" m{r) fulfills m{qr) = m{r)), which ensures the invari- 
ance under g-dilatations 

I f{qx)d^{qx) = I A-^f{x)\d^{qx) = j f{x)d^x. (2.63) 

J q J q J q 

The "weight" mj^ro(^) '■= \q~M X^nez '^'^('^ ~ ^oQ'"') gives the socalled Jack- 
son integral, m(r) = 1 the standard Lebesgue integral, over M"*". Thus we 
can define integration on the functional space 

r = F \ |/o e C[[r, r-']] \ ^ /o d^x = ±oo| . 
For real q integration over fulfills the following properties: 



fd^xj = f*d^x reality (2.64) 

q J Jq 



^The construction of I24L [H] is purely algebraic, namely based on the fact that by 
repeated application of the Stokes theorem one can reduce J^d^xf to d^x 6,2 [—r^/a^] for 
any function / = 6^2 [— r^/a^]p(a;) where 6^2 [—r^] is the g-gaussian and p is a monomial in x^; 
by linearity this can be extended also to power series p{x) in a certain (not so large) class with 
fast decrease at infinity. 
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/ ffd^x > 0, and =0 iff / = positivity (2.65) 

Jq 

/ (fd^x) <g = e{g) / f d^x C/,so(7V)-mvariance (2.66) 

J q J q 

Moreover, if / is a regular function decreasing faster than as r ^ cxd 

the Stokes theorem holds 

/ dif{x)\ d^x = 0, ! difix)\ d^x = 0. (2.67) 

J q J q 

Properties (|2.66I2.67|) express invariance respectively under deformed 'in- 
finitesimal translations and rotations'. On the contrary, the cyclic property 
for the integral of a product of functions is (7-deformed |36j . 

Integration of functions immediately leads to integration of A^-forms 
lon- Upon moving all the ^'s to the right of the x's and using (|2.5H) we 
can express un in the form iOj\[ = fd^x, and just have to set 

UJN= [ fd^x. (2.68) 

Jq 

Then eq. (|2.67j) takes the form J^duj]\f^i\ = 0, J^du)N-i\ = 0. Finally, 
using Stokes theorem it is easy to show that for any p = 0, 1, ...A^ and any 
ap e VCP, Pn-p G 'DC^^ 

ap" Pn-p\ = {ap\T I3n-p\ (2.69) 
Jg 

provided the product ap*l3]\f-p\ decreases fast enough as r ^ cxo. Because 
of the C-linearity of d'^x and properties (|2.64|1 , (|2.65|) , (|2.69|) one can 
introduce the (naive) scalar products of two "wave-functions" ■0 G F 
and more generally of two "wave- forms" ap,Pp S by 

(0,^) := [ ct>*^d^x, {(Xp,/3p) := / cx;*f3p\. (2.70) 

J q J q 

From the decomposition 1)2. 15() for cf), ip and the orthonormality relations 
/g d^-hSl*Sl,' = {Sl*Sl,')o = Sii>6^^' we find 



(0,-0) = J drr^ ^m{r){4>*ip)Q{r) 


00 °? 
= E E(^/'^''')o / drr'^-'m{r)ct>ii{r)^l,vAr) 
i,i'=o i,r Q 
00 

= EE^'^'.^'^'.^)'' (2.71) 



1=0 I 
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where we have introduced the 'reduced scalar product' 

oo oo 

((/.,V)':= J drr^-^m{r)(P*{r)^{r) = j dy e^ym{y)4>*{y)i^{y) (2.72) 

-oo 

of two functions 4>{r),'ilj{r) defined on the positive real line, and we have 
defined y := logr, m(y) := m(e^). A glance to HA.3|) is sufficient to verify 
that for any real a the operator w'"" (in particular u'^^) is Hermitean w.r.t 

Using (|2.17|) . Stokes theorem (|2.67|) and the analog of (|2.11j) for the 
9-derivatives, we find that the p" are not Hermitean w.r.t. ( , ), but jl3j : 

(<^,|3"^) = / d^x = I {p''cf)\yiPd^x = {p"(l),ip), (2.73) 

J q J q 

with p" = —id"'. Using Stokes theorem, in the appendix we show that 
(|T7n)) 9 equals 

(Qp,/3p) = ^ / a^'^p-'^i^f^'^'^p-^^ d^x 

""^^ ^ (2.74) 

= ^ r Q'0«P-'il^/3'eap...ai|^Ar 
cjv-p Jq 1^ I 

where we have introduced the notation 

= e'...e'^^,...^Ax) = Q'''...()'''^'i,...a, =■ ..r^'^...,^ (x) | (2.75) 

for any p-form LOp G Q^. We shall call the functions (^ip...ii,^ap...ai (note: 
also the latter belong to F, not to Til) the components of the p-form 
cOp G respectively in the bases {^*},{^'^}- The „^ must not be 
confused with the components oj'ap...ai of in the basis {9"'}, defined 
above by ujp =: 0""^ ...9"'Puj'^^ (without the final vertical bar); the latter 
belong to H, because 0" e VC* \ n*l Clearly = 

The above "open-minded" definition implies the following generalized 
notion of transformation of the components of a given differential p-form 
under the change of basis of 1-forms ^* 0": 

a;,,....,(x) = A-^Js\C~'t^...C-^tn)<-aA^)\ 

/ . N (2.76) 

<...ai(a;) = A^v^(5(/:-'a;..x-'j,g)^,^...,,(x)|. 

In the appendix we also show 

{ap,pp) = {*ap,*(3p). (2.77) 

Formula (|2.74|) shows that H2.7U() '> defines a "good" scalar product in 
Q^, reducing it to the scalar product in /\^ F. In particular if p = then 
olq,(3q G F and we recover the scalar product H2.7U() i . because 



/ aS*/3ol = / at,dVpo\ = [ al(3odV\ = [ cx^fi^d 

J q J q Jq Jq 
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One defines a 'naive' Hilbert space of square integrable functions on 

by 

L^:=Ux)^f2Y.S{fijir) gF\ (f,f) < ooj (2.78) 
[ 1=0 I ) 

(the superscript m refers to the choice of the radial measure m), and sim- 
ilarly one defines 'naive' Hilbert space of square integrable p-forms. 

3 The ★-structure expressed by similar- 
ity transformations 

Theorem 1 For positive q the -k-structure ofDC* given in h2. 1 6i^^Tl\j can 



he expressed in the form 

x'* = x^ghi, (3.1) 
= q''e9hjZ'\K-\ (3.2) 

9" = -q'^v'-^d'^gMv'K = -v'-^dK'g^^, (3.3) 
d^ = -v'dv'-^, (3.4) 
Q* = w'Qw'-^. (3.5) 

(The proof of the theorem is in the appendix.) By the linear transformation 
(see subsection 12. 1 j) we obtain a set of derivatives 9" such that on —id°^ 
•k acts similarity transformation: 

p = —lO := —iVi o =4> p = V p V (3.6) 



Incidentally, one can endow the whole AxH with an alternative 
structure by keeping Eq. H2.16() unchanged while removing the map ip from 
(|3. 213. 3)1 and readjusting the normalization factors in the latter formulae: 





= q''e9hjZiq 


"^V = u, ^ ^^ghi w 




= -v-'d^igM, 




d*' 








= w6w~^; 





(3.7) 



the second equality in the first line is easily proved by means of the for- 
mulae given in Section HTH and (fX2|) . We see that acts similarity 
transformation also on the differentials ^" = V^°^*. 

Using (|^ . fnE^ . fn^ . the fact that for real q ip is a ^-algebra 

map and the relation = {SC-^^)C+'l it is now straightforward to prove 

Proposition 2 For real q 

= ^igji, 0i* = 93g..^ dV*' = dV = dV\ (3.8) 

Moreover, the -k-structure and the Hodge map commute: 

Cu;,r = *iu;;). (3.9) 
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4 New solutions for old problems: im- 
proved real momentum, scalar products 
and Hermitean conjugation 

We come now to some problems addressed in the introduction. 

1. Quantum mechanics on as a configuration space. One 

question already asked in the literature ^21 (Ml lIB] is: what is the 
"right" momentum sector subalgebra V within algebra of observables 
TLl In particular, what should be considered the "right" square mo- 
mentum (i.e. Laplacian) [211 EE 03]'^ What are their spectral 
decompositions? 

2. Field theory on M^. What is the "right" kinetic term in the action 
functional of a field-theoretic model on R^? This is clearly related 
also to the question: what is the "right" propagator after quantization 
of the model? 

As for problem 1., we wish to fulfill at least the following requirements. 
V must be: 1. isomorphic to F' (and therefore to F); 2. closed under the 

action of UqSo{N); 3. closed under the ^-structure. The solution proposed 
in inSl EI was essentially the subalgebra V C 7i generated by the 
defined by 

pj^+^ = d'^'* = d'-q-^d^gji pI = i [d'-d'*] = i WM-"" Qji] , (4. 1) 

(where we adopt the indices' convention of [HOl! as in the previous section) 
and in ^3] we even erroneously stated that it was uniquely determined 
(the proof of Theorem 2 of ^| has a bug). The are real and fulfill 
relations (|2.4j) . whereas (|2.5j) . (|2.Hjl are replaced by rather complicated 
ones involving the angular momentum components [see relation (3) in j^Hl 
for the Rq case]. Finding eigenfunctions of a complete set of commuting 
observables including one or more is thus a rather hard task. Trying 
the same even with just the square momentum (i.e. Laplacian) p^ • p^ 
leads to lengthy calculations and complicated formulae.^ 

On the basis of the results of the previous section one could propose as 
an alternative solution that V CH he the subalgebra generated by the p" 
defined by 

p» := -iV^d\ d' := v'-^&'i)'. (4.2) 

Also the p" are real. They fulfill relations (|2.4j) . (|2.Hj) . whereas (|2.5|) is 
to be replaced by a so complicated one that probably it cannot be put in 

^To see this, note that • is a combination of 9 • 3, d-d and d ■ d. The latter in its own 
is an alternative, simpler candidate for a real Laplacian, and in fact was diagonalized in Ref. 
|22j . formula (40), where a rather long expression for its eigenvalues (involving also the orbital 
angular momentum number I) was found. This is related to the occurrence of the angular 
momentum in the commutation relations between these Laplacians and the coordinates . 
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closed form. Similarly, one can introduce a purely imaginary nilpotent 
exterior derivative by 

d:=v'dv-^ ct = -d; (4.3) 

unpleasently it doesn't fulfill the ordinary Leibniz rule any more. 

As we now point out, the choice among the set {p%}, the {p"}, the 
jpOj ^^y. Qi^j^gj. gg^ Qf derivatives, or between d and d, will have physical 
significance only together with a specific choice of the scalar product within 
the Hilbert space upon they are meant to act. The standard 'naive' scalar 
product (|2.7()j) is just one of the possible choices, but not the only one; 
our goal is to adapt this choice to the choice of the (most manageable) 
momentum components and exterior derivative. Both the and the 
are (formally) Hermitean w.r.t. the 'naive' scalar product ( , ): 

= {p%cl>,iP), {ct>,p^xl,) = (4.4) 

The first equality (on the appropriate domains) follows from (|2.73() . and 
was already proved in |3H1 1^ OHI ; as we shall see in section El the second 
actually holds (on the appropriate domains) if the radial measure m(r) is 
1 or satisfies some other specific condition. As already noted, the compu- 
tation of the action of either or is rather complicated because none 
of them fulfills a simple Leibniz rule like (|2.1H) . As an alternative, we 
tentatively introduce the 'improved' scalar products 

{4>,'^) := (z>'-i<^,z>'-iV') («p,/3p) := (P'-^dp, P'-^/S^), (4.5) 

the 'improved' Hilbert space of square integrable functions on 

■■= \m /'.^(^) e ^ I ' f) < ool , (4.6) 

and similarly the 'improved' Hilbert space of square integrable p-forms. 
Under the conditions specified in Section [S] the (in the algebraic sense) 
positive-definite elements v'^^ can be represented as Hermitean, positive- 
definite pseudo differential operators on appropriate domains. Then 

(0,^) = / ^'P'-^V-ld^x, («p,/3p) = /«; * P'-'/3p|. (4.7) 

J q J q 

As a consequence of Theorem^ and of the equality D'^ = v' we obtain 

(Q;p,(i/3j^i) = ((5Q;p,/3p_i), {d^j^i,a.p) = {$^i,56Lp) (4.8) 

^At least, one advantage is however that the Laplacian —p ■ p = d ■ d is equal to d ■ dAq^~^ 
and therefore its commutation relation with the coordinate is pretty manageable for iterated 
applications, 

d-dx' = {l + q^-^)q-^d'K + qx'd ■ d, 
whereas the commutation relation of —pu 'PR with is more complicated. 
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and the (formal) hermiticity of both the momenta jf^ = and the Lapla- 
cian A w.r.t. the 'improved' scalar product ( , ): 

= («p,A/3p) = (Aap,/3j,). (4.9) 

In other words, the hermiticity oi p°^,d ■ d w.r.t. ( , ) becomes equivalent 
to the hermiticity of p", A oc d ■ d w.r.t. ( , )! If we impose the relation 
(f) = D'~^(f) we can regard (f), (f) as wave-functions representing the same ket 
and p", as pseudodiffcrcntial operators representing the same abstract 
operator in two different, but physically equivalent (configuration-space) 
'pictures', because 

{4>,i^) = {<f>,^). (4.10) 

Our answer to problem 1. is thefore as follows: In the original, 'naive' 
picture the momentum observables act on a wave-function (f){x) as the 
pseudodifferential operators p", whereas the 'position' observables act sim- 
ply by (left) multiplication by a;", yielding x"</)(x). This picture is thus 
more convenient to compute the action of the latter than the action of the 
former. Instead in the second, 'improved' picture the momentum opera- 
tors act on a wave-function 0(x) as the differential operators p", whereas 
the 'position' observables, act as the pseudodifferential operators v'x°^v'~^. 
Therefore the second picture is definetely more convenient for computing 
the action of the momentum operators, as well as for answering questions 
2 (as we shall see below). 

This notion of 'picture' can be generalized as follows. For any pseudod- 
ifferential operator cr = id -|- 0{h) depending only on C , rj , we introduce 
the "cr-picture" by 

f M := (jf I 

(f , g)H := (a-if , a-ig) = \^{a-H\Y a-ig| d^x (4.11) 

for f , g G -F, O G W (note that for a = \ one recovers the original pic- 
ture). For our purposes it will be enough to stick to pseudodifferential 
operators of the form a = q'^(^'~^^ diC), where 6 is a real constant and 
g{C) is a positive-definite pseudodiffcrcntial operator depending only on 
the quadratic Casimir of so{N). We tentatively introduce the "Hilbert 
space of square integrable functions on in the cr-picture" by 

L-'- := Ux) ^f^Y^^iflAr) e F \ < ool , (4.12) 
I /=o / J 

where ||f||2 := (f,f)H. In particular, = 0^'!, (f> = = L^'^' . 

Then, trivially 

(4.13) 



20 



and [denoting by Z)M(C'W) the domain of operator Ol""! within L 



m,cr-\ 



(4.14) 
C)H0H| = (001)^, 

implying that one can describe the same "physics" by any of the cj-pictures. 

So one can choose the most convenient for each computation. 

The generahzation of the notion of cr-pictures to forms is straightforward. 

In section [S] we determine radial measures m and for each a of the 
above type a (m-dependent) subspace L^'^ C L^'*^ and define cr as a 
pseudodifferential operator such that 

(f,g)H = (f,g[('^'^*)"l) = (f[('^'^*)"'l,g) (4.15) 

for any f, g G L^''^ , in particular 

(0,tA) = (0,V') = (0,^), (4.16) 

where = (f)^'^ = 0^*^^. After the replacements cf) ^ 4^, if^ ^ if}, 
(|2.73() becomes 

(0,p>) = (p>,^). (4.17) 

Then will imply (|^ 9. (j^ i respectively for any 0, -0 G -D(p"), 

and 0, ^0 G D['^'](p") (note that with our notation = p"!'^']) and more 
generally 

(0Hp"H-0H)H = (p"W0H,0W)H (4.18) 
for any a and 0^,^'"' G L»W(p"W). 

As an application, we recall how one can diagonalize observables of 
V using improved pictures. In Ref. we constructed irreducible 

representations of the ★-algebra VxH C Ti. and diagonalized within the 
latter a complete set of commuting observables, consisting not only of 
the square total momentum P ■ P =: (P • P)„,but of all the {P ■ P)a '■= 
Yl'j=-a^'^^j with a = l,2,...,n (these are the squares of the projections 
of the momentum on the hyperplaneswith coordinates P~°' , P^~°' , ...^P""), 
of P^ (only for odd iV), andof the generators K"^ of the Cartan subalge- 
bra of f7gSo(A^).Diagonalization was performed first at the abstract level, 
i.e. eigenvectorswere abstract kets and V was the ^-algebra generated 
byabstract C7gSo(A^)-covariant generators Pi fulfilling (|2. 4)1 and the same 
relations 1)2. 16() as the Xj. Then we realized the scheme in -configuration 
space in two different realizations, i.e. pictures: in the first one (which we 
called "unbarred") Pi were realized as —iAdi = —iTdiT~^, in the second 
(which we called "barred") the Pi were realized as—idiA~^ = T*~^diT* 
where r := In the previous notation they amount respec- 

tively to the a = T and the a = t*^^ pictures^. To compute the action of 



^We warn the reader that in the conventions of A is what here is denoted by A ^, and 
conversely. 
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Pi either one is much more convenient than the 'naive' one, where Pi are 
reahzed as the pseudodifferential operators —idi, because of the relatively 
simple commutation relations (|2.5() . ()2.2H) and the analogous ones involv- 
ing the di. For < q < 1 we found the following spectral decompositions 
of the above observables: 

(P-P) 0^ = i^^l^^" 

Po ^TTj = '^01'^° ^TTj (o^ly N); 

here positive constant chacterizing the irreducible representa- 

tion (by a redefinition of 7r„ it can be always chosen in [1, g[), and 



/ l_|_g-2pa / 1 + 

= i^q^ J ——— ^ = ±fiq^ J (only for odd A^), 

whereas 7r,j are vectors (the component ja of j labels eigenvalues of K"') 
with suitable TS" integer components, in particular 7r„ G Z and tt/j G N if 
h < n. Up to normalization, in the unbarred realization (or 'picture') the 
eigenfuntions with 7r= will be given by 



{x-y^eg~i[inox°] ifiV = 2n-M 

where J := Yla=ija and, having set {l)q := {q'' -l)/{q-l), 



(As we expect, for odd N in the limit q = 1 0|^q formally becomes a plane 
wave orthogonal to the coordinate). The (p^l can be also obtained from 
the cyclic eigenfunction (Pq q by applying to the latter suitable elements 

\t] It] 

in VxH. The with tt 7^ are obtained applying to powers 
of the Adi with i > 0. We thus find relatively 'tractable' eigenfunctions, 
which can be actually expressed through g-special functions (see section 
I5.2|l . Formula (|4.19|) shows that these operators have very simple discrete 
spectra, essentially consisting of integer powers of q. As a matter of fact, 
the eigenfunctions are also normalizable: this was proved in adopting 
a slightly different definition of integration, and is true also adopting the 
definition of integration I'SS^ recalled in section 1231^'' This situation is to 



^°In either case, the question of the normalizability of all cfr^^ is reduced to the question of 
the normalizability of the cycUc eigenfunction (pQ q by manipulations involving the use of Stokes 
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be contrasted with the undeformed one, where the corresponding oper- 
ators have continuous spectra and generahzed eigenfunctions. Therefore 
g-deformation can be seen as a 'regularizing' device! Moreover, in section 
13 we shah see that the constant k characterizing the irreducible represen- 
tation can take any value if we choose a trivial radial weight [m(r) = 1] in 
H2.62() . whereas (at least for even A^) is quantized to a specific value (de- 
fined up to powers of q) if we choose a nontrivial m{r). In other words, in 
the latter case the nature of space(time) fixes an energy scale independent 
of the particular irreducible representation we have chosen, namely of the 
particular type of particles we describe by the latter! 
Similarly one can treat the case q> 1. 

We come now to question 2. The kinetic term in the action for a p-form 
(i.e. an antisymmetric tensor with p-indices) Euclidean field theory with 
mass M can be most simply introduced as 

2\- 



Sk = (^(A + M^)afc,a 

It will be rather 'tractable' because A = —q^d • d has the rather sim- 
ple action ()A.6|) as a differential operator. Consider in particular a scalar 
field (i.e. k = 0). The 'propagator' (or Green function) G{y,x) of the the- 
ory should be expressible in terms of any orthonormal basis {0,^ i,i} of 
eigenfunctions of A -|- M^, i^' 

(A + M^)^^^^ij = + M2)<^^„^,_„ 

(4.21) 

and some other observables (whose eigenvalues we label by a multi-index 
/) commuting with each other and making up a complete set, through the 
relatively simple formula 



G{y,x) = 0,„,,,,(y)[^^'-'(A + Af2)-i0^„,^,|]*(x) 



l{l+N-2)/2 



K^q 

1^71,1,1 



where denote the generators of another copy of M^. If we choose / as 



the multi- index labelling spherical harmonics 1)2 . 14|) one thus looks for the 
basis elements in the form 4>-k„,i,i = ^1 (f>T^^^^i{r). Using the formulae given 
in appendix I A . II reduces Eq. H4.21() i to a (/-difference equation for (pTm^lii^)] 
solving it is now an affordable task, which is left as a job for future work. 



theorem, similarly as in the undeformed context the normalizability of the Hermite functions 
is reduced to that of the gaussian 1'^ . That </)|j"o is normalizable is true by the definition of 
integration of jJSI in the first case, and can be proved by a rather lenghty computation in the 
present case. 
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5 Defining the pseudo differential opera- 
tors 



As said, in order that the formal considerations of the previous section 
are implemented at the operator level we have to make sense out of cr = 
ga{ri-{h) g^Q'j pseudodiffcrential operators on F (more generally on $7*) 
and investigate whether we need to restrict to some subspace 

in order that on the latter (|4.15|) holds. We are going to do this next, 
distinguishing the case m = 1 from the others. Clearly it is sufficient to 
do this for p = 0-forms, i.e. functions, because the form components are 
functions themselves. Recalling the decomposition 1)2. 15() for cf), (|A.3|) and 
(|2.71|) we see that g{C) fulfillsthe requirement, so the problem is reduced to 
showing that one can define so that the latter also does. To define 

the action of q°-(^~^^ on the functions (t>ij{r) we perform the change of 
variable r ^ y := Inr, whereby rj' = —dy — N/2 and r^~^dr = e^^dy, for 
any function (j){r) denote <^(y) := 4>{e'^), and express e^^/^0(y) = r^/'^(j){r) 
in terms of its Fourier transform Mto): 



e^ym = -= / <l,{Lo)e'^ydw. (5.1) 



Here we are assuming in addition that all e^y(f>ij{y) G L2{M.) = L2(M, dy), 
in other words that all <pij{r) G L2(M"^,dr^), what guarantees that the 
Fourier transform exists and is invertible. One initial motivation behind 
such a change of variable is that y is more suitable to describe the behaviour 
of functions occurring in g-analysis, notably g-special functions (which are 
tipically involved as solutions of g-difference equations) as r — > 0, oo (i.e. 
y — cxD, co), since often they wildly fluctuate as r — > or as r ^ oo; this 
can be inferred from the typical exponential scaling laws of the zeroes /poles 
Tn of g-special functions either as r — > or r — > oo^^. From (|5.1|1 we find 

oo 



i.e. q"-('^'~^)^ acts as multiplication by q "'^^ on the Fourier transform, 
implying 

--y °° °r 
^^'^ 1=0 I _L 



^^This happens for instance with the g-gaussian 6^2 [—r^] := o</'o['7^, (^^ — l)r^]: property 
(|5.32() implies e^i [— g-^r^] = [1 — {q^ — l)r^]eq2 [— r^] , whence we see that for q> 1 and sufficiently 
large r the modulus of eg2[— g^"r^] grows with n and its sign flips at each step n n+1. 
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Of course this is well-defined only for such that the integrals are. We 
also easily see that one can extend the domain of the partial derivatives 9* 
to cf) with 4)ij{r) G L2(M"'",dr^) using HA.11|) and (|A.5|) . provided we can 
extend also the action A^^/(x) = f{q^^x) of A^-^ = e^^'^y on such 0's; 
this is done of course by setting 

A±i0(x)| = EE^' / du:kA^)e^''^'^^) . (5.3) 

1=0 I 

In terms of Fourier transforms the reduced scalar product (|2.72j) be- 
comes 

oo oo oo 

(<^,V)'= f duj' I duj^*{u)^{uj') I ^m(y)e*('^'-")j^. (5.4) 



5.1 The case m = 1 

In the case m(r) = m(y) = 1 the third integral at the rhs H5.4p reduces to 
6{u; — Lj'), implying 

oo 



— oo 
oo 



(0,^) = / dw^tAu)^Pij{io). (5.5) 

^=0 I - oo 

For G F, this and Q for a = g"('?'-^)'c/(C) imply 

= J2Y.9HKl+N-2)) / d^(<^H(^)) ^g(^)'?''^''-'""' (5.6) 

= ((/)W,V'['^*"^) = ('/'['^*"W["^>, (5.7) 
in particular 

^ oo 
oo „ 

\m\i=T.9\iii+N-^))i: / d^l0^:;(u.)lV'^^'-^'^-^ (5.8) 
'=0 I -00 

The function (^W wiU belong to LI'"" if this is finite. If both ^['^1, -j/^I'^l G Za'"^ 
then by Schwarz inequality the rhs (|5.6|) is finite as well; then equalities in 
(|5.7() are just the proof of relation 1)4. 15() we were seeking for. 

Note that in the present m = 1 case by (|2.71j) the condition < 
oo characterizing Lg'*^ implies q""^' G L2(M^,dr^) for all whence 
the assumed exixtence and invertibility of the Fourier transform automat- 
ically follows. We summarize the results by stating the following 
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Theorem 2 Ifm = l, for any real s the scalar product of the Hilbert space 
l}^'^ := l}^' can be expressed by any of the expressions in \4.15}) and the 
pa[s] ^j,g i^jormally) hermitean operators defined on ^2"^. 

Remark. If g"' > 1 the factor gi^^aw^ ^^^^^ ^^^^ ^ regulator" . 



5.2 The case m 7^ 1 

The measure m = 1 describes a continuous and homogeneous space along 
the radial direction. It is important to leave room for a discretized space 
by allowing for a non-unit m, notably a measure concentrated in points, 
like Jackson's measure mj^ro{f)dr^ , where 

'mj,ro{r) := \q - 1| ^ r(5(r-rog') = \q - ll'^Siy-yo-lh) 

(here yo = logrg). The case m 7^ 1 actually reveals to be rather interesting 
and rich of surprises; in the sequel we disclose some of its features by 
performing a preliminary analysis, leaving an exhaustive investigation as 
the subject for some other work. 

We assume that all the (1)1 j{r) can be analytically continued to the com- 
plex r-plane. Sticking for simplicity to the case that (pijir) are uni- valued, 
the analytic continuation of (j)ij{y) := (/)/,/(e^) will fulfill the periodicity 
condition 

4>ijiy) = 4>i,i{y + ^'^^'^y /cGZ (5.9) 

with 7 = 1; more generally, they will also fulfill this condition with 7 = 
2, 3, ... if 4>ij{r) can be expressed in the form 4'ij(r) = cp^ j{r^), with ^ ^{z) 
uni-valued. Below we shall occasionally suppress the subscripts /, / in the 
intermediate results to avoid a too heavy notation. Now we compute the 
Fourier transform (p of (j){y)e^^ 

00 

^{lo)= [ -%^{u:,y), cl>(a;,y):=<^(y)ef™ (5.10) 



27r 



using the method of residues. We first assume that (j){r) has no poles on 
M"^ (or equivalently that (/>(y) has no poles on the real axis). For w < the 
exponential e"*"^^ rapidly goes to zero as 9(y) — > 00. Choose a contour 
like the one depicted in Fig 1, with M G N. By 1)5. 9|) . the integral on 
the upper horizontal side equals _e*'^^^'^+'^^27r i^jj^gg (j5.mj) . and therefore 
vanishes in the limit M — > 00, together with the integral on the vertical 
sides. Therefore, taking this limit we find 

^{uj)=iV2^ Res$(a;,?/') = iV2^ Res (^(yOe^^"'""^^'. 

polos ?/'gc+ poiosj;'ec+ 
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Fig. 1 






27rMi 
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M 



By ()5.9p the poles of (piy), and therefore of ^{uj, y), can be parametrized 
in the form 

yU = yi, + 27r^i 0O(y,,)<2^ (5.11) 

where A; E Z and j,^ is some possible additional index. Therefore 

oo 



2^ J^Res 4>{y^y--'^^y^^Y.e^2 

34, k=0 



= r^^Sr^E^- '^iy^M"^-'^'''' (5-12) 

since by (|5.9|) Res0(?/j_^) = Res(/>(|/j^ + i2T:k/^). By applying the method 
of residues instead to an analogous clockwise contour in the lower complex 
y-half-plane C~ one finds that the latter formula gives 4>{ui) also for a; > 0. 

Note that if iV/7 is an even integer i?!)(u;) has a first order pole in w = 
and duj in ()5.1() has to be understood as a principal value integral 
around u; = 0, unless cancellations of contributions of different poles 
occur. 

Replacing (|5.12p in ()5.2() . if no (j)ij{r) has poles on we find 



^ 00 
00 „ 

a4>{x)\ = iY, 9m+N-2)] Si Res <^(y,,,) J del 



1=0 I ji.i 



1 — eT 



(5.13) 

where we have used the short-hand notation jij := j^^ ^. The integral is 

well-defined for q~"- < 1, i.e. ah > 0. Note that if ah > 0, because of the 
damping factor q~"^ ^ w'~°'cf){x) has no more poles in y = yjij- Formula 
1)5. 3() will still give the action of A^-*^ on <p. 
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Let us now evaluate {cr4>, a'ljj) (with o/i, a'h > 0) in the present case. 
By p.71|) and the previous equation we find 

oo 

=Y,Y.99'W + N-2)]{q<^'^)'(t^,j,q-'^^'^')'^ljij)' (5.14) 
1=0 I 

and 

((?"('''-«')V,/^^'"^'^V>' = E [Res<^(y,)]*ResV; {vf) Mjl,{a,b;a',b'), (5.15) 

jj' 



-oo — oo 



[l-e-^^^"^][l-e^ 



[here yj' denote the pole locations oiip{y) with < Q{yj') < 2i: We ask 
whether ((/>, ■)/;)' = ((f^"^'^) (p^ ipy for </>, -0 within a suitable space of 

functions to be identified. For 7 S N and /? = 0, ^ let 



L'^''^"'"":=^^^eL2{R\m{r)dr^) \ (t){r) = f{r)^{r^), where 



-m,[/3,7] ^ 

is analytic with poles only in z = —q"'^^~^\ (5.16) 
The poles of (p{r) will be only in 

. .7r(2fcfl) 

rj- fc := g^e'^^ (5.17) 

with k = 0,1, ...,7 — 1 and j belongs to some subset J C Z, and those of 
(j){y) only in 

7r(2A: + l) 

yj,k := h{j+0)+i^^^. (5.18) 

Condition (|5.17)) amounts to saying that the pole locations lie on 7 special 
straight half-lines starting from r = and forming with each other angles 
equal to 27r/7, and are such that their absolute values are either or 
with j £ J C 1j. The condition appearing in 1)5. 16(1 thus implies 
(OTT) (with Q{yj) = tt/j), whence (j5.1;^«5.1 51) . Thus, if E L^'t^''^', 
then 



00 00 

-I r f —a\Lj-noj-—a \uj-^o 

MUa,b;a',b') = - cLo' dto 



^■^■""'"'"^ 47 7 sin[^(iV-2iu;)]sin[^(iV+2ic^')] 
—00 —00 

00 

/ dym{y)e'^'-'^'-^^^^^^>^^''-^'^'^\ (5.19) 



Note that in (|5.15|) one can consider the indices as running over the 
whole Z for any (p, tp because the residues will vanish in the yj which are 
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not poles for these functions. Then one can consider M(a,b; a',b') as an 
universal infinite matrix and express the lhs (|5.15)) in terms of the row- by- 
column matrix product 

= 4 M{o,b;a',b') R^, (5.20) 

where by i?^ we have denoted the column vector with infinitely many 
components i?^, j G Z, given by i?^ = Res (f>\y=[h^j+fsy^^/^y 

Now, performing the change of integration variables to — > —uj' one 
immediately finds that Mj {a\b';a,b) = Mj,(a,b; a',b'). Moreover, taking 
the complex conjugate and performing the change of integration variables 
(jj — > — w, uj' — > —to' we find that the Mp are real, 

Mj;(a,6;a',6')]* = M^ia^b; a\b'). (5.21) 

By the g-scaling property, the transformed weight m(y) := m(e^) is peri- 
odic with period h = lnq; we shall also assume that m is invariant under 
r-inversion"^^, so for any A; G Z 

m{q^r) = m{r), 'm{r~'^) = m{r), , 

i.e. m[y + kh) = rh{y), rh{—y) = m{y). 

Performing the change of integration variables uj' ^ ui, y ^ —y + + 
2/3 + 2a'b' - 2ab)h we now find 

Mp{a,b;a',b') = Mp{a\b';a,b), if 7V/7GN, 2(a'6'-a6) G Z; (5.23) 

in fact, the weight rh and the last integral in (|5.19|) are automatically 
invariant under this change of integration variables, whereas the condition 
G N ensures that also the denominator in the first two is. Prom these 
relations we find that the matrix M is Hermitean: 

M\a,b- a',b') = M{a,b; a',b')- (5.24) 

This is true in particular if a = a', 6 = 6'. Choosing instead a' = = b' 
relations (|5.23|) and (|5.24|) together with (|5.15|) respectively imply 

q^'^'^^^i,)' = (g'^(^'^)V, -0)', (5.25) 
(</., q^'^'^^^ ij)"' = (g'^^'''-*)^, 0)' = (V', q"^"^'^^' (f))' . (5.26) 

In formula ()A.17|) in the appendix we give a necessary and sufficient con- 
dition on the weight m (which is satisfied in particular by the Jackson 
measure) and on the parameters a, /i, 7 in order that the positivity condi- 
tion 

(,/.,(?'^^'V)'>0, (0,g«V^0)' = O iff<^ = (5.27) 



^For the Jackson weight mj^ro given above this necessarily requires tq — 1 or tq — q^^"^. 



29 



is fulfilled. We need this to be true with any a such that ah > 0, in 
particular with a = 1/2 for (|4.9|) i to be valid, or alternatively with a = 
—1/2 for the analog of H4.9() i with replaced by the to be valid. Then 
for any a = g{C)q''^'''"^^'' with 2ah G Z 

1,1 

defines a "good" scalar product within the the following subspace of L™''^, 

^n.,.,[/3,,] _^ ^Y^sU,4r) I cPij G L™'[^-^1 with < oo} (5.29) 

1,1 

(here ||0||o- := {cf), cf))^'^^), making the latter a pre-Hilbert space. Relation 
1)5. 26(1 ensures the sesquilinearity of ( , ) , (|5.27p its positivity. The t*^] 
are (formally) hermitean operators on their domain within ^™''^'[^''^] ^ a,s a 
consequence of ()5.25|) . Investigating their essential self-adjointness in the 
completed Hilbert space is left as a job for future work. We collect the 
results by stating the following 

Theorem 3 Let P £ {0,1/2}, 7 G N 6e a submultiple of N , ah > 0, 
4ab G 1^, a = g{C)q'^^'^~^^ . Assume that the radial weight m(r) fulfills 
iTTgl) and flTTTp , where fh{y) = m {e^^y/^+'^'i) . Then TKJ^) defi nes the 

scalar product of a pre-Hilbert space L^'"'[^'^] and the 

pOi[<T] (formally) 

hermitean operators defined on _ 

The spaces introduced in (|5.29|) are very interesting. Functions 
fulfilling H5.17() are for instance 

l + ((7^r)7' ^(^)ni + (gi,4^^)7' (^-^^^ 

where ji G Z, /? = 0, 1/2 and /(r) is a polynomial or more generally analytic 
in a domain including all M"*". To this category belong also some g-special 
functions with distinguished (i.e. quantized) values of the parameters char- 
acterizing them. Essentially all special functions can be defined as particu- 
lar cases of the g-hypergeometric functions r^s{oi, Or] bi, bs] q, z)^"^). 
For example 

00 00 2 

oVo{q,z) = Y[-, i i'Po{a;q,z) =Y[-. r (5-32) 

1 — zo* 1 — zq^ 

, , N (a2;g)oo(ai2;;g)oo (b \ 

2Vi(ai, 02; 0; g, z) = , , r — , z\ aiz; q, 02 (5.33) 

{b;q)oo{z:,qjoo V«2 / 



^■^See for instance j2()l 1281 . defined as (analytic continuations in the complex z-plane of) 
r(ps{ai,...,ar;bi, ...,bs;q,z) := (5 
(ai;g).„...(a^;g)„ /^_-[^yi^„(„-i)/2y+"^ ^" 
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Using and (OHll with ai,a2 — 0, b = {I £ Z) one can 

check^^ that the eigenfunctions written in section 0] belong to the 

space L^'"'^^'"'^ where a = t := ^ = 0, 7 = 1 provided the 

energy scale appearing in their definition is quantized (up to powers of 
q) as follows: 



(1-^2)2 



= -TrhI^^■ (5-34) 



A Appendix 

A.l Proof of Theorem [T] and related lemmas 

For cT* = X* , ^* , 9* we easily find 

< = <i w^^ = q"^^ a\ (A.l) 

In fact 

j i2.26t J j HSU ■ wc"o(2)\ /i^-T?(i)\ 
(T <lni = a-' Pj[ui) = a-' pf^[blZ^ ')pj{Tc^ ') 

= (^ 9 Pi ('^ ')gmhPj['<-^ ') = (^ 9 9mh^ji = Q <y g 9ji- 

Recalfing flMih and (lOTTl we find a' <iw'^ = (ui5ni) = g^-aiv^i whence 
the first part of the claim. The proof of the second statement is completely 
analogous. It is not difficult to check that ()A.1|) implies 

wa'w-^ =q^-^Zy. (A.2) 

Lemma 1 Let wi := qi~'('+^^2)_ xhen on the spherical harmonics of level 
I (with I = 0,1,2,...; 

w'Sl\ = wi Sl = Sl < w, w'^Sll = (wi)" Sl = Sl < w" (A.3) 

for any real a. In particular v' Sf\ = qr^'('+^^2)/4 = o j/ 



(with parameters such that the series has at least a finite convergence radius), where 

n-l 

(a;g)o:=l, (a; 5)„ := J|(l - ag'), n=l,2,... 

(whenever \q\ < 1 the latter definition makes sense also for n — oo). 
For instance the functions introduced in (|4.2U|) can be expressed as 

eq{z) = aMl, (1-9)2^), fiiz) = 77^ 2V1 (0, 0; q^'^; q^,-{l-q^fz) . 

W )q'^ ■ 

One can rewrite them in the form H5.3()(l 9. using their interesting properties (see e.g. |2H) 
^''Details will be given elsewhere 
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Proof We determine the eigenvalue wi applying the pseudodifferential 
operator w' = ip{w) to Sf---"' = {t"^)^: 



'^i^ q'-^w,^,{e <T-'Ww <T^^^'^■.it'' ^^(T^i?) 

Prom the definition of T and the relations 

(A id)7^ = TZ isTZ 23, (id A)7^ = 7^ isTZ u 

it follows that T^'^^'^'^ (E)T~^^^'' (E)...(g)T~^f^^ is a product of 2(^-1) 7^-^, with 
suitable m,n = 1,2, A glance at the explicit form ^0] of the Yang- 
Baxter matrix R shows that R'^l'^ := pl{n-^^^^)pl{n-^^'^^) = q~^5l6l. 
It follows that 

which together with the preceding relation gives the recursive relation wi = 
q^~'^^~^wi-i; we solve the latter starting from wi = q^~^ [see ()A.1|) ] and 
we find HA.3|) i . and consequently also HA.3|) 9. □ 

Lemma 2 An element O £7i is identically zero iff for any f G MJ^ 

Of\ = 0. (A.4) 

Proof: Let {X'^j^gn be the basis of dual to the one {P,r}7ren of (tTTTl 
w.r.t. the pairing H2.12() . From the hypothesis we obtain 

o" = OX"] =0 yueu c> = Y^ CD^ = 0. □ 

In order to prove the theorem we need some more useful relations. Let 
us introduce the short-hand notations 

z — 1 

[fz is called "z- number" because Iz — > Moreover, we introduce z- 
derivatives (with z = q,q~^) 

Dzf{r)\ := D,f{q-'r)\ = q-^D^-.f{r)\. 

[z — l)r 
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Then, setting henceforth for brevity □ := d ■ d, □ := d ■ d, 



1 + q r 



+ qrd' 



fix" +q '^r^d\ 



/i X 



\ + q ^ r 

Ux' = ^Ji^' + q^x'U, Ux' = fid' + q-'^x'U 

x" 



1 + q r 



DJ{r) + f{qr)d„ 



^ X 



'1 J. Q 



D.-.f{r) + f{q-\)di. 



(A.5) 

(A.6) 
(A.7) 

(A.8) 
(A.9) 



Let 



Ji 



[compare with ()2.14|) ]. Clearly irpmi—ti ^ V;_i. The projector Vs,i is 
uniquely characterized by the following property 



s ,lP Tx ,ra(m\-l) '^-iv ,m(m\'VfP s,l ^sn'Ps,h 



V. 



si 



V. 



si ) 



(A.IO) 



where tt = a, s,t, m = 1,...,/ — 1 and by ^^^^^.{m+i) have denoted the 
matrix acting as Vt^ on the m-th, (m+l)-th indices and as the identity on 
the remaining ones. Using H2.5I) and HA.6|) this implies, for m = 1,2, I 



Using (|23|) (as well as its analog for the A), (|2?9|) . (|2?7|) it follows 



J rplOll...ll 

1 rpi(ii\...ii 

i^ — 2±l -I 



X. 



+ 



x'diX\'-''\ 
uxi^-''\ -- 



^^o^l...^^ 



^(/_l + iV/2)^,-;-i 



(A.ll) 
(A.12) 

(A.13) 



To prove (|A.13() note that the decomposition (|2.13jl of the Ihs gives (sup- 
pressing indices) x Xi = + r'^Yi_i, with Yj combinations of the Xj^s. 
Yi_i can be determined applying the Laplacian to both sides and recalling 

(mni), ^M2- 



= □(>x;i-^' 

= lid''' xi'-''\ - 



2TAion- 



+ q^x'd, 
(iV/2) .+<z^(/-lV 



■«o«i---«; 



7 rplQll-.-ri 



li{l-l + N/2)^2Yl'_l 



33 



Now from HA.10|) it follows Vs,i+iYi-i oc T's,i+iTi-i = 0, whence 
and we find that indeed Yz+i = 



Proof of Theorem [T] 

Relation ()3.2|) is an immediate consequence of (|2.17() i . ()2.19|) . ()2.42|) . The 

second equality in is immediate. As for the first, 



f{r)Xl 



r.«0 



g(l + g)r 



+ - 



I0ii...i; 



2 ^<?^ 



on one hand, and on the other 



v'-W'v'Kf{r)Xl 



iiniLin^/-i^ioj(^-v)^n...ii|^-a+7v)z/2 



q-'-^{D^^^f\)— + f{r)d- 
l + q r 



ID / Dg-lf\ 



lO«i...«; 



+ 



(/-! + 



■I0«l...ii 



2 ''g^ 



... r^l 2 o{'+^-3){«-i)/2 



1 + 



(/-1 + f 



2 



jiq 



{N-3)/2j^ioh-ii _|_ 



(l+g)r 
whence 



[Qio _ q^v'-^d'''v'A]f{r)Xi'-''\ 



r%2 q~^l-{N-i)/2 



rp%Q%\...ll 



2 



(l + g)r 



rptOll...tl 



+ [f{q~'r)-f{r)]l^.q'-''Tl'^,^- 



(l + g)r 

leading to 5* = g^^"^^''/^t;'~^c?'f'A, equivalent to the claim H3.3p . To prove 
(|3.4j) now we just have to proceed as follows. By (|2.()j) d := Cd-' Qij = 
q^d'^^^gij, whence 



q'''e9klZ']K-\-q^'-''^''v'-^ d^v'K) 



-q-2^+-2^''gkiv'q-^-iq~^"d^q^'\'~' = -y'^^ g^id'v'-' = -v'dv' 



.'-1 _ „~.'cA:„_ _ 
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The proof of H3.5|) is completely analogous. 

A.2 Proof of formulae (EIIil),(EIIZI) 

J q J q 

Jq 

— r n^* 6p...6i6j>fi...6]v 



9bpap---9biai£bM:Ml^^"'^''l^bp-bi 
Jq 

Jq 



1 



f ^eap...ar*p9ap...ar^N^ g 
^-P J a 



CN~p 

Here U is the (diagonal, positive-definite) matrix defined in H2.46p . The 
second equality is based on the relation [12j 



Cap,*/3p)= i*ar**Pp 

Jq 

Jq 

_„ P ai...ap bN---bpi-ibi...bp 1/ 9 \* ^9 i-rr 

— r F ai...ap fejv-f',>fifei---fep / „ /9f JT/ 

— t-p tajv-apfi I \^ap...ai) ybp^iap^i---ybNCiN t^bp...bi"'^ 

Jq 



9c^d,-9cpdp9''''"-9'''''' 



ai...ap^dp...dia^l...a^ / (<...a J V^'^ •••/'''^/36p...fel'^^ 

r J a^i...ajVp ai...apTT-ldp jj-ldi I ( 9 ^ Rf , rjV 

'^p^dp...di ^aN-.-ap^-i ^ bp'-'^ bi \'^ap...ai) ybp...bi"'^ 

Jq 

t'A'— p Jq 

^—u~f ..u-'ti [ i(^dp...d,r(3l.Mdy = rhsmii □ 

*/-p Jq 
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A. 3 Studying the positivity relation (15.271 ) 

According to odd or even p = N/'j the matrix elements of M(a) will take 
the two different forms 



oo oo oo 



7 J J ^m(^^>^)y+^j^'j']^a^>2^hij+j'+2l3) 



M^, = — / du)' duj dyrh{y) 



-oo — oo — oo 



[ smh(tijj if p := iV/7 is even. 

To obtain the previous formula from H5.19() we have also performed the 
change of integration variables y h{y /2 + P), oj TVLo/h, uo' TTUj'/h 
and set rh^y) := ih{hy /2 + hP), whence it follows for any k £ Z 

rh{y + 2k) = rh{y), fri{—y) = fh{y), 

so that 

oo 

rh{y) = nii^e^^^^ , with m_fc = m^, = m^. 

fc=— oo 

We also define 

4>{uj) := J2 e-*"'^^TMr^)^i ^ + 2k) = 4>{uj), VA; G Z. 

Replacing in H5.20() (with ^ = </)) we find 



9 9 



i',^'^^"'/')' = ^lduj' Jdu I dym{y)- 



— oo — oo — oo 
oo oo 



J duj' j duj mkS{ui' —uj+2k) ^ 



9 oo °f _£2£ '-^ - 

— > mi, / auj 5 



'==-°o -oo 



C[^{u;' + 2k)]C{^u;') 



7r2 r, , , 7, I'AHI^e-'r^'^' ^ cos(A:7ry) 
- dyrniy) dJ^^^J^-^-^ 



^ ld^\4>{u;)\' ldymiy)K (^u;,y,^,^y (A.16) 



-1 — oo 

1 1 



-1 -1 
Thus ((/), will be positive for any (f> if 



1 2 2 

Jdymiy)K (^u;,y,^,^^ >0 Vc^g]-1,1], (A.17) 

-1 
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where 

^ ^ e-*(-^^0^ cosjk^y) 
n[u;,y,o,t).- ^ C[<5(u;+2(fc+0]' 

The weight characterizmg the Jackson integral, ?fi(y) ~ X^i^_oo "^(^ ~ 
21) certainly fulfills ()A.17|) for any choice of a, h, 7 because the integral 
appearing there reduces to K(y = 0) which is manifestly positive. In 
fact, by continuity, K will remainpositive at least in a neighbourhood of 
y = 0, so that HA.17|) willbe fulfilled also by weights ?fi(y) nonvanishing on 
some suitable interval including y = 0. A more detailed characterization 
of weights rh{y) and parameters a, h, 7 such that HA.17|) is fulfilled is left 
as a possible subject for future work. If K were strictly positive for all 
y all weights m(y) would do the job. Note also that for h ^ one finds 



a /hire h ~ ^{^) and also \ / C {kii'^ / ^h) 5^ and therefore 



3 

mo^T^ |0(O)p > 



2Vah 

which is nonnegative for any (j) and any choice of rh{y). 



References 

[1] U. Carow-Watamura, M. Schlieker, S. Watamura, ^^SOg{N) covariant 
differential calculus on quantum space and quantum deformation of 
Schroedinger equation", Z. Physik C - Particles and Fields 49 (1991), 
439. 

[2] B. L. Cerchiai, G. Fiore, J. Madore, " Geometrical Tools for Quan- 
tum Euclidean Spaces", Commun. Math. Phys. 217 (2001), 521-554. 
math.QA/0002007 

[3] C.-S. Chu, B. Zumino, "Realization of vector fields for quantum 
groups as pseudodifferential operators on quantum spaces" , Proc. XX 
Int. Conf. on Group Theory Methods in Physics, Toyonaka (Japan), 
1995, and |q-alg/ 9502005| 



[4] A. Connes, "Non-commutative differential geometry," Publications of 
the I.H.E.S. 62 (1986) 257; Noncommutative Geometry. Academic 
Press, 1994. 

[5] A. Connes, M. Dubois- Violette, "Noncommutative finite-dimensional 
manifolds. I. Spherical manifolds and related examples", Commun. 
Math. Phys. 230 (2002), 539-579. |^th.QA/0107070l 



[6] A. Connes, G. Landi, "Noncommutative Manifolds the Instanton Al- 
gebra and Isospectral Deformations", Commun. Math. Phys. 221 
(2001), 141-159. 



37 



A. Dimakis and J. Madore, "Differential calculi and linear connec- 
tions," J. Math. Phys. 37 (1996), no. 9, 4647-4661. 

V. G. Drinfel'd, "Hopf algebras and the quantum Yang-Baxter equa- 
tion", Dokl. Akad. Nauk SSSR 283 (1985), 1060-1064, translated in 
English in J. Sov. Math. 32 (1985), 254-258; "Quantum groups," in 
I. CM. Proceedings, Berkeley, p. 798, 1986, and in J. Sov. Math. 41 
(1988), 898-915. 

V. G. Drinfeld, "Quasi Hopf Algebras" , Leningrad Math. J. 1 (1990), 
1419. 

L. D. Faddeev, N. Y. Reshetikhin, L. Takhtadjan, "Quantization of 
Lie groups and Lie algebras". Algebra i Analiz 1 (1989), 178-206, 
translated from the Russian in Leningrad Math. J. 1 (1990), 193-225. 

G. Fiore, "The ^©^(A^, R)-Symmetric Harmonic Oscillator on the 
Quantum Euclidean Space and its Hilbert Space Structure" , Int. 
J. Mod Phys. A8 (1993), 4679-4729. 

G. Fiore, "Quantum Groups SOq{N), Spq{n) have q-Determinants, 
too", J. Phys. A: Math Gen. 27 (1994), 3795. 

G. Fiore, "The Euclidean Hopf algebra Uq{e^) and its fundamental 
Hilbert space representations", J. Math. Phys. 36 (1995), 4363-4405. 
|hep-th /9407195l 

G. Fiore, "q-Euclidean Covariant Quantum Mechanics on : 
Isotropic Harmonic Oscillator and Free particle" (PhD Thesis), 
SISSA-ISAS (May 1994). 

G. Fiore, "Realization of Uq{so{N)) within the Differential Algebra 
onM^", Commun. Math. Phys. 169 (1995), 475-500. 

G. Fiore, "Quantum group covariant (anti)symmetrizers, e-tensors, 
vielbein, Hodge map and Laplacian", J. Phys. A: Math. Gen. 37 



(2004), 9175-9193. math.QA/0405096, 



G. Fiore, J. Madore, "The geometry of the quantum Euclidean space" 
J. Geom. Phys. 33 (2000), 257-287. |math/9904027j 

V. Gayral, B. lochum, J. C. Varilly, "Dixmier traces on noncompact 
isospectral deformations" hep-th/0507206 

V. Gayral, J. M. Gracia-Bonda, B. lochum, T. Schcker, J. C. Var- 
illy, "Moyal Planes are Spectral Triples" , Commun. Math. Phys. 246 
(2004), 569-623. |hep-th/0307241| 



G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclope- 
dia of Mathematics and its Applications vol. 35, Cambridge University 
Press (1990). 

J.M. Gracia-Bondia, F. Lizzi, G. Marmo, P. Vitale, "Infinitely many 
star products to play with" , JHEP 0204 (2002) 026. hep-th/0112092. 



38 



A. Hebecker, W. Weich, "Free particle in q deformed configuration 
space", Lett. Math. Phys. 26 (1992), 245-258. 

A. Klimyk, K. Schmiidgen, Quantum Groups and Their Representa- 
tions, Springer (1997). 

A. Kempf, S. Majid, "Algebraic q- Integration and Fourier Theory on 
Quantum and Braided Spaces", J. Math. Phys. 35 (1994), 6802-6837. 

S. Majid, "q-Epsilon tensor for quantum and braided spaces", J. 
Math. Phys. 34 (1995), 2045-2058. 

S. Majid, "Braided Momentum Structure of the q-Poincare Group", 
J. Math. Phys. 36 (1995), 1991-2007. 

S. Majid, Foundations of Quantum Groups, Cambridge Univ. Press 
(1995) . 

Yu. I. Manin, Some remarks on Koszul algebras and quantum groups, 
Ann. Inst. Fourier (Grenoble) 27 (1987), 191-205; Quantum groups 
and noncommutative geometry. Preprint CRM-1561, Montreal, 1988; 
Topics in noncommutative geometry, Princeton, University Press 
(1991), 163 p. 

T. Masuda, Y. Nakagami, S. L. Woronowicz, "A C* algebraic frame- 
work for quantum groups", math.QA/0309338 , To appear in the In- 
ternational Journal of Mathematics. 

O. Ogievetsky "Differential operators on quantum spaces for GLq{n) 
and SOq{ny\ Lett. Math. Phys. 24 (1992), 245. 

O. Ogievetsky, B. Zumino "Reality in the Differential calculus on the 
g-Euclidean Spaces", Lett. Math. Phys. 25 (1992), 121-130. 

O. Ogievetsky, W. B. Schmidke, J. Wess, B. Zumino, "(/-Deformed 
Poincare algebra", Commun. Math. Phys. 150 (1992), 495-518. 

N. Y. Reshetikhin, V. G. Turaev "Ribbon Graphs and their Invariants 
derived from quantum groups" Commun. Math. Phys. 127 (1990), 1- 
26. 

P. Schupp, P. Watts, and B. Zumino, Differential Geometry on Linear 
Quantum Groups, Lett. Math. Phys. 25 139 (1992). 

P. Schupp, P. Watts, and B. Zumino, Bicovariant Quantum Algebras 
and Quantum Lie Algebras, Commun. Math. Phys. 157 305 (1993). 

H. Steinacker, "Integration on quantum Euclidean space and sphere 
in N dimensions", J. Math Phys. 37 (1996), 4738. 

W. D. van Suijlekom, "The noncommutative Lorentzian cylinder 
as an isospectral deformation", J. Math. Phys. 45 (2004), 537-556. 
|math-p h/0310009| 

W. Weich, "The Hilbert Space Representations for 50g(3)-symmetric 



quantum mechanics", LMU-TPW 1994-5, hep-th/9404029 



39 



[39] J. Wess, "g-Deformed Heisenberg Algebras", Lectures given at the 
"Internationale Universitaetswochen fuer Kern- und Teilchenphysik" , 
Schladming, Austria, January 1999. ^matli-p h/9910013 

[40] S. L. Woronowicz, "Twisted SU(2) group. An example of noncommu- 
tative differential calculus", Publ. Res. Inst. Math. Sci. 23 (1987), 117- 
181; "Differential Calculus on Compact Matrix Pseudogroups (Quan- 
tum Groups)" Commun. Math. Phys 122 (1989 ), 125-170. 

[41] B. Zumino, Introduction to the Differential Geometry of Quantum 
Groups, In: K. Schmiidgen (ed.). Math. Phys. X, Proc. X-th lAMP 
Conf. Leipzig (1991), Springer- Verlag (1992). 

[42] B. Zumino, Differential Galculus on Quantum Spaces and Quantum 
Groups, In: M.O., M.S., J.M.G. (eds.), Proc. XlX-th ICGTMP Sala- 
manca (1992), CIEMAT/RSEF Madrid (1993). 



40 



